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The heat dissipation process inside a power cable conduit buried underground is characterized by the three-
dimensional natural convection between horizontal, highly eccentric cylinders. The surface of the outer cylinder
(concrete conduit) is assumed adiabatic,whereas a constant heat � ux, representing heat generation from the power
cable due to electrical resistance, is speci� ed on the surface of the inner cylinder (power cable). Unlike the vertical
con� guration of eccentric annuli in which the fully developed thermal boundary conditions may be achievable,
the boundary conditions at the open end of the present case are troublesome and are coped with by the zonal
grid approach. Two cases with the modi� ed Rayleigh numbers of 105 and 106 are investigated. A numerical study
reveals that cable surface temperatures increase toward the outlet plane. It is also found that higher temperatures
occur in the region near the bottom of the inner cylinder, where the cable contacts the concrete conduit (outer
cylinder), due to small local Rayleigh numbers in which the characteristic length is de� ned in terms of radial
distance between the inner and outer cylinders. As a result, the portion of the power cable near the contacting
point with the concrete conduit will deteriorate earlier.

Nomenclature
C p = speci� c heat capacity
Dh = hydraulic diameter
Ec = Eckert number, V ¤ 2 / C ¤

p refq
¤
w D ¤

h / k ¤
ref

Fr = Froude number, V ¤ /
p

(g ¤ D ¤
h )

Gr = Grashof number, Ra / Pr
g = gravitationalacceleration
g j k = contravariantmetric tensor
h = convectiveheat transfer coef� cient
J = Jacobian
k = thermal conductivity
l = radial distance between the inner and outer cylinders
Nu = Nusselt number, h ¤ D ¤

h / k ¤
ref

Pr = Prandtl number, t ¤ / a ¤

p = hydraulic pressure, ( p ¤ + q ¤
refg

¤ y ¤ ) / q ¤
ref V

¤ 2

q = heat � ux
q j = curvilinear coordinate
R U = source term
Ra = Rayleigh number, g ¤ b ¤ D ¤ 3

h D T ¤ / t ¤ a ¤

Ra0 = modi� ed Rayleigh number, g ¤ b ¤ D ¤ 4
h q ¤

w / t ¤ a ¤ k ¤

T = temperature
(u, v , w) = physical velocity, (u ¤ , v ¤ , w ¤ ) / V ¤

V j = contravariant velocity
V ¤ = characteristicvelocity, a ¤ / D ¤

h
(x , y, z) = Cartesian coordinates, (x ¤ , y ¤ , z ¤ ) / D ¤

h
a = thermal diffusivity
b = thermal expansion coef� cient
C U = diffusion coef� cient
h = nondimensionalizedtemperature,

(T ¤ ¡ T ¤
ref) / (q ¤

w D ¤
h / k ¤ )

l = viscosity
q = density, q ¤ / q ¤

ref
t = kinematic viscosity
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U = energy dissipation term, also dependent variable
u = azimuthal angle

Subscripts

b = bulk
i = inner cylinder
l = local
nb = neighboring grid points
o = outer cylinder
P = main grid point
ref = reference state (at atmospheric pressure

and room temperature)
w = wall

Superscripts

— = averaged quantity
¤ = dimensional quantity

Introduction

P LACING powercablesundergroundis an engineeringtendency
nowadays, especially in city areas and industrial zones, due to

limited available space. The power cable (inner cylinder) is placed
inside a concrete conduit (outer cylinder) buried underground and
lies on the bottom of the conduit. The con� guration of this layout
is an annulus between two horizontal, highly eccentric cylinders.
Heat is generated from the electrical resistance of the power cable
and the heat dissipation process in the annulus relies on the natural
convection heat transfer from both open ends of the conduit, which
penetrate onto the manhole surfaces. The heat dissipation rate in
the annulus is important because it will affect the lifetime of the
power cable. The heat dissipation rate is determined from the ven-
tilation stemmed from natural convection. Thus, under a situation
of bad ventilation in the undergroundconduit, the power cable will
deteriorate earlier than its designed usage time.

The computationaldomain is schematicallyshown in Fig. 1, with
the symmetric nature of the � ow� eld with respect to the two open
ends and to a verticalplanecrossingthe center of the cylinderstaken
intoaccount.In additionto theconvectionheat transfer,a more com-
prehensive thermal model for the con� guration investigated should
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Fig. 1 Illustration of the computationaldomain and zonal grid distri-
bution.

include the thermal radiation inside the enclosure and the thermal
conduction along the cable and the concrete wall. However, the
present study is focused on the convectionproblem only. The addi-
tional complicationdue to the considerationof thermal radiation in
the enclosureand thermal conductionalong the cable, as well as the
concrete wall, is reserved for future study. The boundary conditions
for this problem are as follows. The adiabatic condition is given on
the outer cylinder (concrete conduit) surface, whereas on the inner
cylinder (power cable), a constant heat � ux, which is speci� ed with
the heat generation from the power cable due to electrical resis-
tance, is given. A no-slip condition is given to the three components
of the velocity on the outer and inner cylinder surfaces. Because
no � ow crosses the circumferentially (or longitudinally) symmet-
ric plane, the angular (or axial) velocity vanishes on that plane.
The angular (or axial) derivatives of the remaining velocity com-
ponents and temperature also vanish on the circumferentially (or
longitudinally) symmetric plane. Unlike the vertical con� guration
of eccentric annuli in which the fully developed thermal boundary
conditionsmay be achievable,1 the boundary conditionsat the open
end of the present case are troublesome and will be elaborated on
later. Although this plane is named as the outlet (see Fig. 1) in con-
sideration of the heat dissipation route in the conduit, it consists of
in� ow and out� ow at the same plane (see Fig. 2).

Many theoretical and experimental studies on natural convec-
tion in horizontal, eccentric annuli have been carried out. In most
of these studies, a two-dimensional model was used in which the
annuli are assumed to be in� nitely long and coupled with thermal
boundary conditions on the cylinder surfaces speci� ed, either with
two constant wall temperatures or one with a constant wall tem-
perature and the other with a constant wall heat � ux (including
adiabatic surface).2 ¡ 10 A typical example is the numerical work of
Ho and Lin.2 In their work, a steady natural convection � ow of
gases between two horizontal cylinders, which were maintained at
two constant temperatures, was studied. Moreover, Glakpe et al.11

numerically investigated the steady two-dimensional natural con-
vection between concentric and eccentric horizontal cylinders with
speci� ed (constant) heat � ux at the boundaries. Within the content
of experimental studies, Kuehn and Goldstein4,7,8 were among the
earlier researchers who investigatednatural convection within con-
centric and eccentric annuli. In their study,7 the Rayleigh number
Ra ranges from 103 to 108 , which covers regions of conduction as
well as laminar and turbulent convection. It was found that peri-
odic � uctuation of the upper-half of the outer cylinder occurs near
Ra =4 £ 106 , signifying an onset of transition. As the Rayleigh
number is further increased up to 5 £ 108, the complete upper por-
tion of the annuli is turbulent. In contrast, the area apart from the
intensi� ed � uctuationregion remainssteadywhere viscousand con-

duction effects, in terms of � ow and thermal � elds, respectively,are
predominant.However, the boundaryconditionson the cylindersur-
faces do not permit the steady-state solution of a two-dimensional
natural convection within the transverse plane in the present work.
Three-dimensionalformulationhas to beused to model the problem.
There have been few three-dimensional investigations of natural
convection in concentric annuli between two horizontal cylinders,
exceptwith a cavity-typecon� guration.12 ¡ 15 A comprehensiveliter-
ature survey has revealed that publishedwork is largely nonexistent
on three-dimensionaleccentricannulibetweentwo horizontalcylin-
ders, where their geometric con� gurations possess open ends (not
an annular cavity). The scope of this work is to investigate numer-
ically the � ow and thermal � elds of laminar natural convection in
the geometric con� guration schematically shown in Fig. 1.

The � ow pattern of interest here necessitates the solutions of
three-dimensional, fully elliptic type of partial differential equa-
tions. As mentionedbefore, selectionof the properboundarycondi-
tions at the outlet plane is a major issue to be addressed in the work.
An approach frequently used in the simulations of the noncavity
type, buoyancy-induced� ows is the zonal grid approach,16,17 which
extends the computational domain outside the outlet plane so that
the boundary conditions can be reasonably speci� ed with the ambi-
ent � ow properties.Typical examples can be found in Refs. 18–20.
Although this approach requires enormous computations for three-
dimensional problems, it provides more reliable results among ex-
isting approaches. An alternative but greatly economical approxi-
mation, as made in Ref. 21, is to assume the � ow to be longitudinally
parabolicafter it travelsa long enoughaxialdistancein the � ow� eld.
In other words, neither momentum nor heat is diffused in the ax-
ial direction, and it then permits a marching-integrationcalculation
procedure in numerical analysis. However, this parabolic approxi-
mation requires that the � ow possess a predominant � ow direction,
which is obviously inconsistent with the present problem. In this
work, the zonal grid approach is adopted to resolve the problem of
the outlet boundary conditions.

Mathematical Model
The � ow pattern of interest here necessitates the solution of

three-dimensional, fully elliptic type of partial differential equa-
tions, which describe the natural convection � ow� eld. Considering
the steady-state � ow situation, the nondimensionalized governing
equations in Cartesian coordinates read
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Fig. 2 Velocity vector plots at four longitudinal sections.
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P = l ¤ V ¤ g ¤ q ¤
w (7)

Note that the Boussinesq approximationusually made in the for-
mulation of natural convectionis not adopted here and that the den-
sity is determined using the ideal gas law.

Numerical Method
The precedinggoverningequationscan be cast into the following

general form, which permits a single algorithm to be used:

@

@x j
( q v j U ) =

@

@x j
C U @U

@x j

+ R U (8)

To facilitate handling of the complex geometry of the present prob-
lem, the body-� tted coordinatesystem is used to transformthe phys-
ical domain into a computationaldomain, which is in a rectangular
coordinate system with uniform control volumes. Transformation
of Eq. (8) to the body-� tted coordinates leads to

@
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@
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where q j are curvilinear coordinates ( n , g , f ), J is the Jacobian
identical to x n yg z f + xg y f z n + x f y n z g ¡ x f yg z n ¡ x n y f z g ¡ x g yn z f ,
V j is the contravariant velocity (U, V , W ), where

U = (1/ J )[u(yg z f ¡ y f z g ) + v(x f z g ¡ x g z f ) + w (x g yf ¡ x f yg )]

V = (1/ J )[u(y f z n ¡ yn z f ) + v(x n z f ¡ x f z n ) + w(x f y n ¡ x n y f )]

W = (1/ J )[u(yn z g ¡ yg z n ) + v(x g z n ¡ x n z g ) + w (x n yg ¡ xg yn )]

and g jk is the metric tensor, where

g11 = (1/ J 2) (yg z f ¡ yf z g )2 + (x f z g ¡ x g z f )2 + (x g yf ¡ x f yg )2

g12 = g21 = (1/ J 2)[(yg z f ¡ yf z g )(y f z n ¡ yn z f )

+ (x f z g ¡ x g z f )(x n z f ¡ x f z n ) + (x g yf ¡ x f yg )(x f yn ¡ x n yf )]

g13 = g31 = (1/ J 2)[(yg z f ¡ yf z g )(y n z g ¡ yg z n )

+ (x f z g ¡ x g z f )(xg z n ¡ x n z g ) + (xg y f ¡ x f yg )(x n yg ¡ x g yn )]

g22 = (1/ J 2) (yf z n ¡ yn z f )2 + (x n z f ¡ x f z n )2 + (x f yn ¡ x n yf )2

g23 = g32 = (1/ J 2)[(yf z n ¡ y n z f )(yn z g ¡ yg z n )

+ (x n z f ¡ x f z n )(xg z n ¡ x n z g ) + (x f yn ¡ x n yf )(x n yg ¡ x g y n )]
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In considerationof a highly eccentric con� guration, the grid lay-
out is constructed by connecting the grid points in each transverse

plane, which are generated by solving the two-dimensional,elliptic
typeof partialdifferentialequationsgoverningthedistributionof the
gridpoints.22 NumericalcalculationofEq. (9) is performedusingthe
control-volume based � nite difference procedure. The discretized
governing equations are solved on a nonstaggered grid system in
association with the SIMPLEC algorithm23 and QUICK scheme.24

In theuse of the zonal grid approach,16 ¡ 20 the computationaldomain
is extended outside the outlet plane and is divided into two subdo-
mains of zones I and II, as schematically illustrated in Fig. 1. The
inner and outer diameters of zone I are 0.1 and 0.2 m, respectively,
while its length is equal to 3 m (equivalent to 30D ¤

h ). Note that the
conduit length between two consecutive manholes is around 60 m
in engineeringpractice.However, due to the limitationsof the avail-
able computationalfacility, 1

10 of the practicalconduit length is used
in the present calculations for demonstration. Zone II comprises a
cube with side lengthof 20D ¤

h to ensure that its boundaryconditions
are reasonablyspeci� ed by the ambientproperties.The treatmentof
the interfaceof the two zones follows theoverlappinggrid method.16

The dependent variables in the overlapping zone are transferred by
the bilinear interpolation. The boundary conditions of zone II are
as follows. On the surface of the inner cylinder, the same boundary
conditions as speci� ed for zone I are used. On the manhole surface,
the no-slip conditionand adiabaticwall are speci� ed. The condition
of zero normal gradient is met on the symmetric plane except for
the normal velocity component, which vanishes naturally. On the
free surfaces, the normal gradients of all of the dependentvariables
are set to be zero. The convergence criterion is described hereafter.

The general form of the discretized governing equations can be
written as
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nb
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where i is an arbitrary grid point in the computational domain and
N is the total number of grid points. When k U ·1.0 £ 10 ¡ 4 for each
dependent variable U in both of the zones, the iteration process is
convergent.

Distribution of the grid nodes is arranged in such a way that
the regions that have signi� cant in� uences on the � ow� eld are
adequately resolved. Illustration of the zonal grid distribution is
schematically shown in Fig. 1. Numerical tests revealed that the
maximum difference in mass in� ow rate at the outlet plane between
the 51 £ 51 £ 101 (radial by angular by axial) and 61 £ 61 £ 121
gridmeshes for zoneI, and thecorrespondinggrid meshesfor zone II
are 21 £ 41 £ 21 (x by y by z) and 31 £ 61 £ 31, respectively, is
less than 0.5%. Therefore, the former set of grid meshes is adopted
in the present work.

Results and Discussion
To validate the computer model developed in this work, a bench-

mark problem of the three-dimensional natural convection in a
differentially heated cubical enclosure,25 which is schematically
shown in Fig. 3, is � rst calculated for the case of Ra =105 with a
51 £ 51 £ 26 uniformlydistributedgrid mesh. The calculatedresult
along the symmetric line (y / L =0.5 and z / L = 0.5) is presented in
Fig. 3 and comparedwith the result predictedby Fusegi et al.25 Note
that the Boussinesqapproximationwas made for the buoyancyterm
in Eq. (3) and that the energy dissipation term U in Eq. (5) was ne-
glected in the calculation of Fusegi et al.25 An excellent agreement
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Fig. 3 Vertical velocity pro� le at the middle height in the symmetric
plane (y/L = 0:5 and z/L = 0:5).

Transverse

Longitudinal

Fig. 4 Illustration of the selected sections.

between the present calculation and the one obtained by Fusegi
et al.25 supports the validation of the developed computer model.

Becausethe thermalboundaryconditionsat thewalls are speci� ed
in terms of heat � uxes instead of temperatures in the present work,
a modi� ed Rayleigh number is de� ned as follows:

Ra0 =
g ¤ b ¤

ref D
¤ 3
h

t ¤
ref a

¤
ref

q ¤
w D ¤

h

k ¤
ref

(14)

As pointed out by Kuehn and Goldstein,7 an onset of transition
from laminar to turbulentregimes starts near Ra =4 £ 106 for gases
in a concentric annulus of Do / Di =2.6. Moreover, a recent study
by Labonia and Guj9 indicated that chaotic � ows were observed
in the range of 0.9 £ 105 ·Ra ·3.37 £ 105 for a concentric annu-
lus of Do / Di = 2.36. However, their conclusions were drawn from
the experimental observations and based on the cases associated
with the constant temperature differences between the outer and
inner cylinders. Yoo26 studied numerically the natural convection
in a two-dimensional, narrow (Do / Di = 7

6
), horizontal, concentric

annulus in the range of 0.001 ·Pr ·0.3 and Gr ·5 £ 104. It is con-
cluded that, forPr ·0.2, hydrodynamicinstabilityinducessteadyor
oscillatory � ows consisting of multiple like-rotating cells, whereas
thermal instability creates a counter-rotatingcell on the top of an-
nulus at Pr = 0.3. Kumar5 made a numerical investigation using a
two-dimensional model for an in� nitely long, horizontal, concen-
tric annulus where the inner cylinder was speci� ed by a constant

Fig. 5 Temperature contour near the end of the annulus (z = 30:6 and
Ra0 = 106 ).

Fig. 6 Axial distributions of mass in� ow rate.
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Fig. 7 Temperature contours at six transverse sections.
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heat � ux and the outer cylinder was isothermally cooled. He found
that the critical modi� ed Rayleigh numbers above which the nu-
merical results failed to converge were 3.1 £ 105 and 3 £ 106 at
Do / Di =1.5 and 2.6, respectively. Kumar5 also recognized that it
was hard to judge whether the � ow would become oscillatory or
three-dimensional beyond the critical modi� ed Rayleigh number
for a given ratio of Do / Di . The present work, which is essentially
a three-dimensional problem with the medium of air (Pr =0.7),
encounters the same convergence dif� culty beyond Ra0 = (107),
which may imply an onset of transition from steady laminar to
chaotic or even turbulent � ows. However, this issue is beyond the
scopeof this work and remains to be studiedfurther.Here, two cases
of Ra0 =105 and 106 are studied for demonstration.

Figure 2 shows the velocity vector plots at four selected longitu-
dinal sections(see Fig. 4 for the sectionpositions) for Ra0 =105 and
106. The result reveals that theambient air is inducedinward through
the lower portion, whereas it � ows outward through the upper por-
tion of the conduit. This can also be observed from the temperature
contour near the end of the annulus in zone II, as shown in Fig. 5.
The mass in� ow rate induced by natural convection is much larger
for the case of Ra0 =106 than for Ra0 =105, as is clearly shown in
Fig. 6. The steeper gradients of the mass in� ow rates at the outlet
of the conduit disclose that the zero-gradient type of fully devel-
oped out� ow boundary conditions is not applicable to the problem
investigated here. This observation corroborates the necessary use
of an extended computational domain to the ambient environment,
the zonal grid approach, in the present calculations.

Fig. 8 Cable surface temperature distributions at six transverse sec-
tions.

Figure 7 displays the temperature contours at six selected trans-
verse sections (see Fig. 4 for the section positions) with Ra0 = 105

and 106 . From the resultsshown in thedownstreamstationsofFig. 7,
it is observed that the warmer air enters the lower portion, whereas
the cooler air leaves through the upper portion of the conduit. Fig-
ure 5, which presentsthe temperaturecontourat the distanceslightly
outside the open end, that is, in zone II, corroborates the preceding
observation. It is also observed that the highest temperatures occur
near the bottom of the cable, where the power cable contacts the
concrete conduit. Typical temperature pro� les along the cable sur-
face at six selected transverse sections for Ra0 = 105 and 106 are
presented in Fig. 8. It is clearly shown that the highest temperature
in each transverse section is located right at the contacting point
of the cable and the concrete conduit, that is, u =180 deg. It is
then concluded that the contacting point of the cable will deteri-
orate earliest. To � gure out why the higher temperatures in each
transverse section occur in the lower portion of the cable conduit,
the azimuthaldistributionsof the local RayleighnumberRal , at four
selective transversesections (see Fig. 4 for the section positions) for
the two investigatedcases are presentedin Fig. 9. The localRayleigh
number Ral is de� ned by

Ral ( u , z) =
g ¤ b ¤

ref T ¤
i ( u , z) ¡ T ¤

o ( u , z) l ¤ 3

t ¤
ref a

¤
ref

(15)

where l ¤ is the radial distancebetween the inner(cable) and the outer
(concrete conduit) surfaces, with the pole at the center of the inner

Fig. 9 Azimuthal distribution of the local Rayleigh numbers at four
transverse sections.
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cylinder, at a given azimuthal angle u and longitudinal position z.
Obviously, the l ¤ value approaches zero as u moves to 180 deg,
which corresponds to the contacting point of the cable and conduit.
The de� nition of Ral (Ral / l ¤ 3) leads to the results as shown in
Fig. 9; that is, the local Rayleigh number drops steeply to zero value
as u increases to 180 deg. By de� nition, the Rayleigh number is
equal to the Grashof number times the Prandtl number. Here the
Grashof number provides a measure of the ratio of the buoyancy
force to the viscous force acting on the � uid, that is, the air. Thus,
at small local Rayleigh numbers the local heat transfer is mainly by
conduction.As reportedbyKuehnand Goldstein,4 for theconcentric
annulus with Do / Di =2 and with air, the heat transfer inside the
annulus is dominated by conductionas Ral · (103). Based on the
preceding analysis, enhancement of the heat dissipation rate due to
the natural convection effect vanishes near the bottom of the cable,
and this leads to the results as disclosed in Figs. 5 and 8.

The result shown in Fig. 8 also reveals a trend that the cable
(inner) surface temperature increases toward the outlet plane. This
trend can also be deduced from a macroscopicenergy balanceof the
cable conduit. Considering a control volume con� ned by the longi-
tudinally symmetric plane (z = 0), the outer (concrete conduit) and
inner (cable) cylinders, and a speci� ed axial section (for example,
at the position z), the out� ow air has to carry away more heat as
z increases because the total heat dissipated from the cable to the
controlvolume is proportionalto z. In the two cases investigated,the
calculated maximum temperature increments on the cable surface
are about 2.7 and 27.5 K for Ra0 =105 and 106 , respectively.

Figure 10 compares the averagedNusselt numberdistributionson
the cable surface for Ra0 =105 and 106. Here the averaged Nusselt
number is de� ned by

Nu(z) =
1
p

p

0

Nu( u , z) d u (16)

with

Nu( u , z) = 1/ [h w ( u , z) ¡ h b(z)] (17)

where the bulk temperature is calculated by27

h b(z) = A
h (r, u , z) q j V ¢ dA j

A
q j V ¢ dA j

(18)

Note that theNusselt numberde� ned on the outer (concreteconduit)
surface is identically zero due to the speci� ed adiabatic boundary
condition.Figure 10 shows that both Nu curves decrease toward the
outlet plane for the two cases. It also highlightsa three-dimensional
nature in the present problem, particularly for the condition at large
modi� ed Rayleigh numbers.

Fig. 10 Axial distributions of Nusselt number on the inner cylinder.

Conclusions
Three-dimensionalnaturalconvectionbetweenhorizontal,highly

eccentriccylinders,which simulates the heat dissipationprocess oc-
curring within power cable conduits buried underground, is numer-
ically analyzed.Two cases with Ra0 =105 and 106 are investigated.
It is found that cable surface temperatureincreasestoward the outlet
plane. In addition, the highest temperature occurs at the bottom of
the inner cylinder (cable), where the power cable contacts the con-
crete conduit (outer cylinder), in each transverse section for both
cases. A study on the azimuthal distribution of the local Rayleigh
number Ral , in which the characteristic length is de� ned in terms of
radial distance between the inner and outer cylinders, in each trans-
verse section reveals that the localRayleighnumberdrops steeply to
zero value as u approaches180 deg (the contactingpoint). At small
local Rayleigh numbers the local heat transfer is mainly by conduc-
tion, but not by natural convection. This explains why the higher
temperatures occur in the � ow region near the bottom of the inner
cylinder. It is also observed that the azimuthally averaged Nusselt
number decreases from the longitudinallysymmetric plane (z = 0)
toward the outlet plane.
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